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Abstract It is found that the number, Mn, of irreducible multiple zeta values (MZVs) of
weight n, is generated by 1 − x2 − x3 =
∏
n(1 − x
n)Mn. For 9 ≥ n ≥ 3, Mn enumerates
positive knots with n crossings. Positive knots to which field theory assigns knot-numbers
that are not MZVs first appear at 10 crossings. We identify all the positive knots, up to 15
crossings, that are in correspondence with irreducible MZVs, by virtue of the connection
between knots and numbers realized by Feynman diagrams with up to 9 loops.
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1. Introduction
The connection of positive knots with transcendental numbers, via the counterterms of
quantum field theory, proposed in [1] and developed in [2], and has been vigorously tested
against previous [3, 4] and new [5] calculations, entailing knots with up to 11 crossings,
related by counterterms with up to 7 loops to numbers that are irreducible multiple
zeta values (MZVs) [6, 7]. Cancellations of transcendentals in gauge theories have been
illuminated by knot theory [8]. All-order results, from large-N analyses [9] and Dyson-
Schwinger methods [10], have further strengthened the connection of knot theory and
number theory, via field theory. A striking feature of this connection is that the first
irreducible MZV of depth 2 occurs at weight 8 [4, 11], in accord with the appearance of
the first positive 3-braid knot at crossing number 8. Likewise the first irreducible MZV of
depth 3 occurs at weight 11 [12], matching the appearance of the first positive 4-braid at
11 crossings, obtained from skeining link diagrams that encode momentum flow in 7-loop
counterterms [5]. Moreover, the investigations in [9] led to a new discovery at weight 12,
where it was found that the reduction of MZVs first entails alternating Euler sums. The
elucidation of this phenomenon resulted in an enumeration [13] of irreducible Euler sums
and prompted intensive searches for evaluations of sums of arbitrary depth [14]. A review
of all these developments is in preparation [15].
This paper pursues the connection to 8 and 9 loops, entailing knots with up to 15
crossings. In Section 2, we enumerate irreducible MZVs by weight. Section 3 reports
calculations of Feynman diagrams that yield transcendental knot-numbers entailing MZVs
up to weight 15. In Section 4 we enumerate positive knots, up to 15 crossings, and give
the braid words and HOMFLY polynomials [16] for all knots associated with irreducible
MZVs of weight n < 17. Section 5 gives our conclusions.
2. Multiple zeta values
We define k-fold Euler sums [11, 12] as in [13, 14], allowing for alternations of signs in
ζ(s1, . . . , sk; σ1, . . . , σk) =
∑
nj>nj+1>0
k∏
j=1
σ
nj
j
n
sj
j
, (1)
where σj = ±1, and the exponents sj are positive integers, with
∑
j sj referred to as the
weight (or level) and k as the depth. We combine the strings of exponents and signs
into a single string, with sj in the jth position when σj = +1, and sj in the jth position
when σj = −1. Referring to non-alternating sums as MZVs [6], we denote the numbers
of irreducible Euler sums and MZVs by En and Mn, at weight n, and find that
1− x− x2 =
∏
n>0
(1− xn)En ; 1− x2 − x3 =
∏
n>0
(1− xn)Mn , (2)
whose solutions, developed in Table 1, are given in closed form by
En =
1
n
∑
d|n
µ(n/d)Ld ; Ln = Ln−1 + Ln−2 ; L1 = 1 ; L2 = 3 , (3)
Mn =
1
n
∑
d|n
µ(n/d)Pd ; Pn = Pn−2 + Pn−3 ; P1 = 0 ; P2 = 2; P3 = 3 , (4)
1
where µ is the Mo¨bius function, Ln is a Lucas number [13] and Pn is a Perrin number [17].
Table 1: The integer sequences (3,4,8) for n ≤ 20.
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
En 1 1 1 1 2 2 4 5 8 11 18 25 40 58 90 135 210 316 492 750
Mn 0 1 1 0 1 0 1 1 1 1 2 2 3 3 4 5 7 8 11 13
Kn 0 0 1 0 1 1 1 2 2 3 4 5 7 9 12 16 21 28 37 49
In [13], En =
∑
k En,k was apportioned, according to the minimum depth k at which
irreducibles of weight n occur. Similarly, we have apportionedMn =
∑
kMn,k. The results
are elements of Euler’s triangle [13]
T (a, b) =
1
a + b
∑
d|a,b
µ(d)P (a/d, b/d) , (5)
which is a Mo¨bius transform of Pascal’s triangle, P (a, b) =
(
a+b
a
)
= P (b, a). We find that
En,k = T (
n−k
2
, k) ; Mn,k = T (
n−3k
2
, k) , (6)
for n > 2 and n + k even. There is a remarkable feature of the result for Mn,k: it gives
the number of irreducible Euler sums of weight n and depth k that occur in the reduction
of MZVs, which is not the same as the number of irreducible MZVs of this weight and
depth. It was shown in [9, 13] that alternating multiple sums occur in the reduction of
non-alternating multiple sums. For example, ζ(4, 4, 2, 2) cannot be reduced to MZVs of
lesser depth, but it can [13] be reduced to the alternating Euler sum ζ(9, 3). Subsequently
we found that an analogous “pushdown” occurs at weight 15, where depth-5 MZVs, such
as ζ(6, 3, 2, 2, 2), cannot be reduced to MZVs of lesser depth, yet can be reduced to
alternating Euler sums, with ζ(9, 3, 3)− 3
14
ζ(7, 5, 3) serving as the corresponding depth-3
irreducible. We conjecture that the number, Dn,k, of MZVs of weight n and depth k that
are not reducible to MZVs of lesser depth is generated by
1−
x3y
1− x2
+
x12y2(1− y2)
(1− x4)(1− x6)
=
∏
n≥3
∏
k≥1
(1− xnyk)Dn,k , (7)
which agrees with [11, 12] for k < 4 and all weights n, and with available data on MZVs,
obtained from binary reshuffles [7] at weights n ≤ 20 for k = 4, and n ≤ 18 for k > 4.
Further tests of (7) require very large scale computations, which are in progress, with
encouraging results. However, the work reported here does not rely on this conjecture;
the values of {Mn | n ≤ 15} in Table 1 are sufficient for present purposes, and these are
amply verified by exhaustive use of the integer-relation search routine MPPSLQ [18].
Finally, in this section, we remark on the simplicity of the prediction of (4) for the
dimensionality, Kn, of the search space for counterterms that evaluate to MZVs of weight
n. Since pi2, with weight n = 2, does not occur in such counterterms, it follows that they
must be expressible in terms of transcendentals that are enumerated by {Mn | n ≥ 3},
and products of such knot-numbers [1, 9, 13]. Thus Kn is given by a Padovan sequence:
∑
n
xnKn =
x3
1− x2 − x3
; Kn = Kn−2 +Kn−3 ; K1 = 0 ; K2 = 0 ; K3 = 1 , (8)
which is developed in Table 1. Note that the dimension of the search space for a general
MZV of weight n is Kn+3 [6], which exceeds Kn by a factor [17] of 2.324717957, as n→∞.
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3. Knot-numbers from evaluations of Feynman diagrams
The methods at our disposal [1, 2, 5] do not yet permit us to predict, a priori , the
transcendental knot-number assigned to a positive knot by field-theory counterterms;
instead we need a concrete evaluation of at least one diagram which skeins to produce
that knot. Neither do they allow us to predict the rational coefficients with which such
knot-numbers, and their products, corresponding to factor knots, occur in a counterterm;
instead we must, at present, determine these coefficients by analytical calculation, or by
applying a lattice method, such as MPPSLQ [18], to (very) high-precision numerical data.
Nonetheless, the consequences of [1, 2] are highly predictive and have survived intensive
testing with amazing fidelity. The origin of this predictive content is clear: once a knot-
number is determined by one diagram, it is then supposed, and indeed found, to occur
in the evaluation of all other diagrams which skein to produce that knot. Moreover, the
search space for subdivergence-free counterterms that evaluate to MZVs is impressively
smaller than that for the MZVs themselves, due to the absence of any knot associated
with pi2, and again the prediction is borne out by a wealth of data.
We exemplify these features by considering diagrams that evaluate to MZVs of depths
up to 5, which is the greatest depth that can occur at weights up to 17, associated with
knots up to crossing-number 17, obtained from diagrams with up to 10 loops. We follow
the economical notation of [3, 4, 5], referring to a vacuum diagram by a so-called angular
diagram [3], which results from choosing one vertex as origin, and indicating all vertices
that are connected to this origin by dots, after removing the origin and the propagators
connected to it. From such an angular diagram one may uniquely reconstruct the original
Feynman diagram. The advantage of this notation is that the Gegenbauer-polynomial
x-space technique [3] ensures that the maximum depth of sum which can result is the
smallest number of propagators in any angular diagram that characterizes the Feynman
diagram. Fig. 1 shows a naming convention for log-divergent vacuum diagrams with
angular diagrams that yield up to 5-fold sums. To construct, for example, the 7-loop
diagram G(4, 1, 0) one places four dots on line 1 and one dot on line 2. Writing an origin
at any point disjoint from the angular diagram, and joining all 6 dots to that origin,
one recovers the Feynman diagram in question. Using analytical techniques developed
in [3, 4, 12, 13], we find that all subdivergence-free diagrams of G-type, up to 13 loops
(the highest number computable in the time available), give counterterms that evaluate
to ζ(2n+ 1), their products, and depth-3 knot-numbers chosen from the sets
N2m+1,2n+1,2m+1 = ζ(2m+ 1, 2n+ 1, 2m+ 1)− ζ(2m+ 1) ζ(2m+ 1, 2n+ 1)
+
m−1∑
k=1
(
2n+ 2k
2k
)
ζP (2n+ 2k + 1, 2m− 2k + 1, 2m+ 1)
−
n−1∑
k=0
(
2m+ 2k
2k
)
ζP (2m+ 2k + 1, 2n− 2k + 1, 2m+ 1) , (9)
N2m,2n+1,2m = ζ(2m, 2n+ 1, 2m) + ζ(2m) {ζ(2m, 2n+ 1) + ζ(2m+ 2n+ 1)}
+
m−1∑
k=1
(
2n+ 2k
2k
)
ζP (2n+ 2k + 1, 2m− 2k, 2m)
+
n−1∑
k=0
(
2m+ 2k
2k + 1
)
ζP (2m+ 2k + 1, 2n− 2k, 2m) , (10)
3
where ζP (a, b, c) = ζ(a) {2 ζ(b, c) + ζ(b+ c)}. The evaluation of a 9-loop non-planar ex-
ample, G(3, 2, 2), is given in [13]: it evaluates in terms of MZVs of weights ranging from
6 to 14. Choosing from (9,10) one knot-number at 11 crossings and two at 13 crossings,
one arrives at an expression from which all powers of pi2 are banished, which is a vastly
more specific result than for a generic collection of MZVs of these levels, and is in striking
accord with what is required by the knot-to-number connection entailed by field theory.
Moreover, all planar diagrams that evaluate to MZVs have been found to contain terms
purely of weight 2L − 3 at L loops, matching the pattern of the zeta-reducible crossed
ladder diagrams [1, 2].
Subdivergence-free counterterms obtained from theM-type angular diagrams of Fig. 1
evaluate to MZVs of weight 2L− 4, at L-loops, with depths up to 4. Up to L = 8 loops,
corresponding to 12 crossings, the depth-4 MZVs can be reduced to the depth-2 alternating
sums [13] Na,b ≡ ζ(a, b)− ζ(b, a). The knot-numbers for the (4, 3) and (5, 3) torus knots
may be taken as N5,3 and N7,3, thereby banishing pi
2 from the associated 6-loop and 7-
loop counterterms. In general, N2k+5,3 is a (2k+8)-crossing knot-number at (k+6) loops.
Taking the second knot-number at 12 crossings as [9, 13] N7,5−
pi12
2510!
, we express all 8-loop
M-type counterterms in a pi-free form. At 9 loops, and hence 14 crossings, we encounter
the first depth-4 MZV that cannot be pushed down to alternating Euler sums of depth 2.
The three knot-numbers are again highly specific: to N11,3 we adjoin
N9,5 +
5pi14
7032946176
; ζ(5, 3, 3, 3) + ζ(3, 5, 3, 3)− ζ(5, 3, 3)ζ(3) + 24785168pi
14
4331237155245
. (11)
Having determined these knot-numbers by applying MPPSLQ to 200 significant-figure
evaluations of two counterterms, in a search space of dimension K17 = 21, requisite for
generic MZVs of weight 14, knot theory requires that we find the remaining five M-type
counterterms in a search space of dimension merely K14 = 9. This prediction is totally
successful. The rational coefficients are too cumbersome to write here; the conclusion is
clear: when counterterms evaluate to MZVs they live in a pi-free domain, much smaller
than that inhabited by a generic MZV, because of the apparently trifling circumstance
that a knot with only two crossings is necessarily the unknot.
Such wonders continue, with subdivergence-free diagrams of types C and D in Fig. 1
Up to 7 loops we have obtained all of them in terms of the established knot-numbers
{ζ(3), ζ(5), ζ(7), N5,3, ζ(9), N7,3, ζ(11), N3,5,3}, associated in [5, 9] with the positive knots
{(3, 2), (5, 2), (7, 2), 819 = (4, 3), (9, 2), 10124 = (5, 3), (11, 2), 11353 = σ1σ
3
2σ
2
3σ
2
1σ
2
2σ3}, and
products of those knot-numbers, associated with the corresponding factor knots. A non-
planar L-loop diagram may have terms of different weights, not exceeding 2L− 4. Invari-
ably, a planar L-loop diagram evaluates purely at weight 2L−3. Hence we expect the one
undetermined MZV knot-number at 15 crossings to appear in, for example, the planar
9-loop diagram C(1, 0, 4, 0, 1). To find the precise combination of ζ(9, 3, 3) − 3
14
ζ(7, 5, 3)
with other Euler sums would require a search in a space of dimension K18 = 28. Expe-
rience suggests that would require an evaluation of the diagram to about 800 sf, which
is rather ambitious, compared with the 200 sf which yielded (11). Once the number is
found, the search space for further counterterms shrinks to dimension K15 = 12.
4
4. Positive knots associated with irreducible MZVs
Table 2 gives the braid words [16] of 5 classes of positive knot. For each type of knot, K,
we used the skein relation to compute the HOMFLY polynomial [16], XK(q, λ), in terms
of pn = (1− q
2n)/(1− q2), rn = (1 + q
2n−1)/(1 + q), Λn = λ
n(1− λ)(1− λq2).
Table 2: Knots and HOMFLY polynomials associated with irreducibles MZVs.
K XK(q, λ)
T2k+1 = σ
2k+1
1 T2k+1 = λ
k(1 + q2(1− λ)pk)
Rk,m = σ1σ
2k+1
2 σ1σ
2m+1
2 Rk,m = T2k+2m+3 + q
3pkpmΛk+m+1
Rk,m,n = σ1σ
2k
2 σ1σ
2m
2 σ1σ
2n+1
2 Rk,m,n = R1,k+m+n−1 + q
6pk−1pm−1rnΛk+m+n+1
Sk = σ1σ
3
2σ
2
3σ
2
1σ
2k
2 σ3 Sk = T
2
3 T2k+3 + q
2pkr2(q
2(λ− 2) + q − 2)Λk+3
Sk,m,n = σ1σ
2k+1
2 σ3σ
2m
1 σ
2n+1
2 σ3 Sk,m,n = T2k+2m+2n+3 + q
3(pkpm + pmpn + pnpk
+ (q2(3− λ)− 2q)pkpmpn)Λk+m+n+1
Noting that S1,1,1 = S1 and Sm,n,0 = Rm,n,0 = Rm,n, one easily enumerates the knots
of Table 2. The result is given, up to 17 crossings, in the last row of Table 3, where it is
compared with the enumeration of all prime knots, which is known only to 13 crossings,
and with the enumeration of positive knots, which we have achieved to 15 crossings, on
the assumption that the HOMFLY polynomial has no degeneracies among positive knots.
It is apparent that positive knots are sparse, though they exceed the irreducible MZVs
at 10 crossings and at all crossing numbers greater than 11. The knots of Table 2 are
equal in number to the irreducible MZVs up to 16 crossings; thereafter they are deficient.
Table 4 records a finding that may be new: the Alexander polynomial [16], obtained by
setting λ = 1/q in the HOMFLY polynomial, is not faithful for positive knots. The Jones
polynomial [16], with λ = q, was not found to suffer from this defect. Moreover, by using
REDUCE [19], and assuming the fidelity of the HOMFLY polynomial in the positive
sector, we were able to prove, by exhaustion, that none of the 414 ≈ 2.7 × 108 positive
5-braid words of length 14 gives a true 5-braid 14-crossing knot.
Table 3: Enumerations of classes of knots by crossing number, n, compared with (4).
n 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
prime knots 1 1 2 3 7 21 49 165 552 2176 9988 ? ? ? ?
positive knots 1 0 1 0 1 1 1 3 2 7 9 17 47 ? ?
Mn 1 0 1 0 1 1 1 1 2 2 3 3 4 5 7
Table 2 knots 1 0 1 0 1 1 1 1 2 2 3 3 4 5 5
Table 4: Pairs of positive knots with the same Alexander polynomial, XK(q, 1/q).
K1 K2 XK1(q, λ)−XK2(q, λ)
S2,1,2 = σ1σ
5
2σ3σ
2
1σ
5
2σ3 σ
3
1σ
4
2σ3σ
2
1σ
2
2σ
2
3σ2 q
4(1− λq)p2r2Λ6
(σ1σ
2
2σ3)
2σ1σ
5
2σ3 (σ1σ
2
2σ3)
2σ31σ2σ
2
1σ3 q
5(1− λq)p2Λ6
σ51σ2σ3σ
2
1σ
3
2σ
2
3σ2 σ
2
1σ
2
2σ
3
1σ
7
2 q
5(1− λq)p2Λ6
The association [1, 2] of the 2-braid torus knots (2k + 1, 2) = T2k+1 with the tran-
scendental numbers ζ(2k + 1) lies at the heart of our work. In [2, 5], we associated the
3-braid torus knot (4, 3) = 819 = R1,1 with the unique irreducible MZV at weight 8, and
5
in [5] we associated (5, 3) = 10124 = R2,1 with that at weight 10. The 7-loop countert-
erms of φ4-theory indicate that the knot-numbers associated with 10139 = σ1σ
3
2σ
3
1σ
3
2 and
10152 = σ
2
1σ
2
2σ
3
1σ
3
2 are not [5] MZVs. At 11 crossings, the association of the knot-number
N3,5,3 with S1 = S1,1,1 ≡ 11353 is rock solid: we have obtained this number analytically
from 2 diagrams and numerically from another 8, in each case finding it with different
combinations of ζ(11) and the factor-knot transcendental ζ2(3)ζ(5). In [9] we associated
the family of knots Rk,m with the knot-numbers N2k+3,2m+1, modulo multiples of pi
2k+2m+4
that have now been determined up to 14 crossings. It therefore remains to explain here
how: (a) two families of 4-braids, Sk and Sk,m,n, diverge from their common origin at 11
crossings, to give two knots at 13 crossings, and three at 15 crossings, associated with
triple Euler sums; (b) a new family, Rk,m,n, begins at 14 crossings, giving the (7, 3) torus
knot, (σ1σ2)
7 = (σ1σ
4
2)
2σ1σ
3
2 = R2,2,1, associated with a truly irreducible four-fold sum.
To relate the positive knots of Table 2 to Feynman diagrams that evaluate to MZVs
we shall dress their braid words with chords. In each of Figs. 2–8, we proceed in two
stages: first we extract, from a braid word, a reduced Gauss code that defines a trivalent
chord diagram; then we indicate how to shrink propagators to obtain a scalar diagram
that is free of subdivergences and has an overall divergence that evaluates to MZVs. Our
criterion for reducibility to MZVs is that there be an angular diagram, obtained [3, 4] by
choosing one vertex as an origin, such that the angular integrations may be performed
without encountering 6–j symbols, since these appeared in all the diagrams involving the
non-MZV knots 10139 and 10152 at 7 loops [5], whereas all the MZV-reducible diagrams
could be cast in a form free of 6–j symbols.
The first step – associating a chord diagram with a knot – allows considerable freedom:
each chord is associated with a horizontal propagator connecting vertical strands of the
braid between crossings, and there are almost twice as many crossings as there are chords
in the corresponding diagram. Moreover, there are several braid words representing the
same knot. Thus a knot can be associated with several chord diagrams. Figs. 3b and 4b
provide an example: each diagram obtained from the (5, 2) torus knot yields a counterterm
involving ζ(5), in a trivalent theory such as QED or Yukawa theory.
In Table 2 we have five families of braid words: the 2-braid torus knots, two families of
3-braids, and two families of 4-braids. We begin with the easiest family, T2k+1. Consider
Fig. 2a. We see the braid σ31, dressed with two horizontal propagators. Such propagators
will be called chords, and we shall refer to Figs. 2a–8a as chorded braid diagrams. In
Fig. 2a the two chords are labelled 1 and 2. Following the closed braid, starting from the
upper end of the left strand, we encounter each chord twice, at vertices which we label
{1, 1′} and {2, 2′}. These occur in the order 1, 2, 1′, 2′ in Fig. 2a. This is the same order as
they are encountered on traversing the circle of Fig. 2b, which is hence the same diagram
as the chorded braid of Fig. 2a. As a Feynman diagram, Fig. 2b is indeed associated
with the trefoil knot, by the methods of [1]. We shall refer to the Feynman diagrams
of Figs. 2b–8b as chord diagrams1. Each chord diagram is merely a rewriting of the
chorded braid diagram that precedes it, displaying the vertices on a hamiltonian circuit
that passes through all the vertices. The final step is trivial in this example: the scalar
1The reader familiar with recent developments in knot theory and topological field theory might notice
that our notation is somewhat motivated by the connection between Kontsevich integrals [7] and chord
diagrams. In [15] this will be discussed in detail and related to the work in [1].
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tetrahedron is already log-divergent in 4 dimensions, so no shrinking of propagators is
necessary. Fig. 2c records the trivial angular diagram, obtained [3] by choosing 2 as an
origin and removing the propagators connected to it: this merely represents a wheel with
3 spokes. In general [4] the wheel with n+ 1 spokes delivers ζ(2n− 1).
In Fig. 3a we give a chording of the braid σ2n−11 , which is the simplest representation
of the (2n − 1, 2) torus knot, known from previous work [1, 2] to be associated with a
(n+1)-loop diagram, and hence with a hamiltonian circuit that has n chords. Thus each
addition of σ21 involves adding a single chord, yielding the chord diagram of Fig. 3b. To
obtain a logarithmically divergent scalar diagram, we shrink the propagators connecting
vertex 2′ to vertex n′, drawn with a thick line on the hamiltonian circuit of Fig. 3b, and
hence obtain the wheel with n+1 spokes, represented by the angular diagram of Fig. 3c.
To show how different braid-word representations of the same knot give different chord
diagrams, yet the same transcendental, we consider Fig. 4. In Fig. 4a we again have a
chorded braid with n chords, which this time is obtained by combining σ1σ2σ1σ2 with
n− 2 powers of σ22 . The resultant braid word, σ1σ2σ1σ
2n−3
2 , is the (2n− 1, 2) torus knot
written as a 3-braid. Labelling the pairs of vertices of Fig. 4b, one sees that it is identical
to the closure of the braid of Fig. 4a. Shrinking together the vertices {2′, n′, . . . , 3′} gives
the angular diagram of Fig. 4c, which is the same as Fig. 3c and hence delivers ζ(2n− 1).
This ends our consideration of the 2-braid torus knots. We now turn to the class
Rk,m in Fig. 5. The first member R1,1 = 819 = (4, 3) appears at 6 loops, with five
chords. It was obtained from Feynman diagrams in [2], and found in [5] to be associated
with an MZV of depth 2. In Fig. 5a we add singly-chorded powers of σ22 to a chorded
braid word that delivers a Feynman diagram for which the procedures of [1] gave 819 as
one of its skeinings. In general, we have k + m + 3 chords and thus k + m + 4 loops.
The resulting chord diagram is Fig. 5b, whose 7-loop case was the basis for associating
10124 with the MZV ζ(7, 3) [5]. Shrinking the propagators indicated by thickened lines
in Fig. 5b, we obtain diagram M(k, 1, 1, m), indicated by the angular diagram of Fig. 5c.
Explicit computation of all such diagrams, to 9 loops, shows that this family is indeed
MZV-reducible, to 14 crossings.
In Fig. 6 we repeat the process of Fig. 5 for the knot class Rk,m,n. Marked boxes,
in Fig. 6a, indicate where we increase the number of chords. Fig. 6b shows the highly
non-planar chord diagram for this knot class. This non-planarity is maintained in the log-
divergent diagram obtained by shrinking the thickened lines in Fig. 6b. The parameters
m and k correspond to the series of dots in the corresponding angular diagram of Fig. 6c.
Non-planarity is guaranteed by the two remaining dots, which are always present. For
n > 1, we see even more propagators in the angular diagram. The absence of 6–j symbols
from angular integrations leads us to believe that the results are reducible to MZVs; the
non-planarity entails MZVs of even weight, according to experience up to 7 loops [5].
We now turn to the last two classes of knots: the 4-braids of Table 2. In Fig. 7a
we give a chorded braid diagram for knots of class Sk. Again, the marked box indicates
how we add chords to a chorded braid diagram that corresponds to a 7-loop Feynman
diagram, already known [5] to skein to produce S1 = 11353. Shrinking the thickened lines
in Fig. 7b, we obtain a log-divergent planar diagram containing: a six-point coupling,
a (k + 3)-point coupling, and k + 5 trivalent vertices. This is depicted in Fig. 7c as an
angular diagram obtained by choosing the (k + 3)-point coupling as an origin. Choosing
7
the 6-point coupling as an origin for the case k = 1 confirms that S1 = 11353 is associated
with ζ(3, 5, 3) via the 7-loop diagram G(4, 1, 0). However, for k = 3 there is no way of
obtaining MZVs of depth 3 from either choice of 6-point origin. Hence we expect a depth-5
MZV to be associated with the 15-crossing knot S3, with the possibility of depth-7 MZVs
appearing at higher crossings.
Finally we show that the three-parameter class Sk,m,n, also built on 11353 = S1,1,1, is
associated with depth-3 MZVs. The chorded braid of Fig. 8a indicates the three places
where we can add further chords. Fig. 8b gives the chord diagram associated with it, and
indicates how to shrink propagators to obtain a log-divergent diagram, represented by the
angular diagram G(m+ n+ 2, k, 0) of Fig. 8c, which evaluates in terms of depth-3 MZVs
up to 13 loops, and presumably beyond.
5. Conclusions
In summary, we have
1. enumerated in (3,4) the irreducibles entailed by Euler sums and multiple zeta values
at weight n; apportioned them by depth in (6); conjectured the generator (7) for
the number, Dn,k, of MZVs of weight n and depth k that are irreducible to MZVs
of lesser depth;
2. determined all MZV knot-numbers to 15 crossings, save one, associated with a 9-loop
diagram that evaluates to MZVs of depth 5 and weight 15;
3. enumerated positive knots to 15 crossings, notwithstanding degenerate Alexander
polynomials at 14 and 15 crossings;
4. developed a technique of chording braids so as to generate families of knots founded
by parent knots whose relationship to Feynman diagrams was known at lower loop
numbers;
5. combined all the above to identify, in Table 2, knots whose enumeration, to 16
crossings, matches that of MZVs.
Much remains to be clarified in this rapidly developing area. Positive knots, and hence the
transcendentals associated with them by field theory, are richer in structure than MZVs:
there are more of them than MZVs; yet those whose knot-numbers are MZVs evaluate in
search spaces that are significantly smaller than those for the MZVs, due to the absence
of a two-crossing knot. After 18 months of intense collaboration, entailing large scale
computations in knot theory, number theory, and field theory, we are probably close to
the boundary of what can be discovered by semi-empirical methods. The trawl, to date,
is impressive, to our minds. We hope that colleagues will help us to understand it better.
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Fig. 1: Angular diagrams yielding MZVs of depths up to 5.
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Fig. 2: The lowest level non-trivial chorded braid appears at three loops, and is given in
(a). It is the same Feynman diagram as the chord diagram in (b), and gives rise to the
simple angular diagram of (c). In (a) we indicate the closure of the braid by dotted lines,
which we omit from subsequent figures.
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Fig. 3: We extend Fig. 2 to produce the chorded braid (a) and the chord diagram (b),
which deliver ζ(2n − 1) from the angular diagram of (c). The thick line is shrunk to a
point to produce a (n + 1)-point vertex, serving as the origin in (c).
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Fig. 4: The braid in (a) is a 3-braid representation for the (2, 2n − 1) torus knot. It
produces an angular diagram (c) that is the same as in Fig. 3, after shrinking the thickened
line in (b).
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Fig. 5: In this genuine 3-braid example, the chorded braid (a) is equivalent, as a Feynman
diagram, to the chord diagram (b), and gives rise to the class M(k, 1, 1, m) of angular
diagrams in (c), by shrinking: two vertices to a 4-point vertex at the top of the diagram
in (b); the propagator (1, 1′) to a 4-point vertex; and k+m vertices to a (k+m+2)-point
vertex, which then serves as the origin in (c).
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Fig. 6: Another genuine class of 3-braids, which we believe to entail MZVs of even weight.
We obtain two 4-point vertices by shrinking the indicated thick lines at the top and right
of the circle in (b). We further shrink k+m vertices at the bottom, and n+1 vertices at
the left, to obtain an angular diagram (c) that is free of 6–j symbols.
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Fig. 7: This shows the first class of genuine 4-braids, which gives rise to a planar angular
diagram, beginning with 11353, for k = 1. We shrink four vertices at the top, and k + 1
vertices at the right, as indicated in (b).
k
k
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Fig. 8: This triple-index class of 4-braids also begins with 11353, for k = m = n = 1. From
shrinking, we obtain a 4-point vertex at the left of (b), and at the bottom a (m+n+k+3)-
point vertex that is the origin of the planar angular diagram G(m+ n + 2, k, 0) of (c).
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